I. Introduction
nmanned Aerial Vehicles (UAVs) are remotely operated or autonomous aircrafts or remotely piloted vehicles. These vehicles have been used in applications such as fields of security, management of natural risks, intervention in hostile environments, management of ground installations, agriculture, and military [1] [2] [3] . UAVs make it possible to gather information in dangerous environments without risk to flight crews. UAVs are classified into two categories: fixed-and rotary-wing types. The rotary-wing type UAVs are more advantageous than the fixed-wing type UAVs in the sense of Vertical Taking-Off and Landing (VTOL) capability, omnidirectional flying, and hovering performance, and can be divided into quad-rotor and single-rotor type shapes [4] [5] . The advantages of the quad-rotor UAV versus single-rotor helicopters are that the quad-rotor does not require mechanical linkages to vary rotor angles of attack as they spin. The use of four rotors allows each individual rotor to have a smaller diameter than the equivalent single-rotor UAV, allowing them to store less kinetic energy during flight and thus reduces the damage caused by the rotors hitting any objects. By enclosing the rotors within a frame, the rotors can be protected during collisions.
The most famous example for the quad-rotor UAV is the Draganflyer quad-rotor helicopter as shown in Fig. 1 . This quad-rotor UAV is a radio-controlled four-rotor helicopter manufactured by Draganfly Innovations Inc 6 . Although it can fly simply, stabilization of its hovering is still a challenge 2 .
The controlling of quad-rotor UAVs has been widely researched in a number of studies [7] [8] [9] [10] [11] . The quad-rotor helicopter of the Stanford Testbed of Autonomous Rotorcraft for Multi-Agent Control II (STARMAC II) has been caused by moments that affect altitude control, and thrust variation that affects attitude control. The results of this work have proven the insufficiency for accurate trajectory tracking of the vehicle 12 . The Omni-directional Stationary Flying Outstretched Robot OS4 is a quad-rotor project developed for fully autonomous operation. The main objective of this flying robot is the development and implementation of an active control system for this vehicle 3, 5 . Although many control algorithms have obtained good results in previous studies, those studies have primarily focused on the control of the vehicle by taking into account mainly the velocity of the propeller.
Fault tolerant control (FTC) is the ability of a system to be able to continue its operation in the event of a failure in some of its components. Over the last three decades, the growing demand for safety, reliability, maintainability, and survivability has drawn significant research in fault tolerant control [14] [15] . Modern UAVs need to be designed to achieve the desired performance under both normal and fault conditions. Fault tolerant control systems for small UAVs should not significantly increase the number of actuators or sensors needed to achieve a safer operation 16 . Fault tolerant control can be classified into passive and active. Passive FTC can tolerate a predefined set of faults by using a specially-designed fixed controller while active FTC relies on fault detection and diagnosis (FDD) process to monitor system performance and to detect and identify faults in the system and the controller is reconfigured on-line and in real-time [14] [15] [16] [17] [18] .
The objective of this work is to present the dynamic model of the quad-rotor UAV and to propose a gain scheduling based fault tolerant control strategy in which each local controller is designed by a Proportional-Integral-Derivative (PID) controller. For achieving better control performance, each PID controller consists of controllers for control of orientation of the propeller and for control of speed of the rotor. PID controller gains under each fault condition are tuned off-line based on assumed fault conditions and switched on-line based on the fault detection information provided by a fault detection algorithm in a framework of gain-scheduling control. In this paper, a high-fidelity model of the quad-rotor UAV is firstly derived in Section II. In Section III, PID controllers are tuned to control the 
II. Equations of Motion of the Quad-Rotor UAV
A quad-rotor UAV is an aircraft without a pilot whose lift is generated by its four rotors. It contains four propellers, with two of them forming a pair of propellers. The first pair is located on the x-axis and rotated clockwise and the second pair is located on the y-axis and rotated counterclockwise as shown in Fig. 2 . Generally, its motion is controlled by varying the lift forces produced by the propellers 19 . Each propeller produces both a thrust and torque from its center of rotation 2 . The gyroscopic effects and the aerodynamic torques tend to cancel and these four propellers do not have a swash plate 20 .
The equations are presented about the body frame (X, Y, Z). For any point of the airframe expressed in the earth-fixed frame (X E , Y E , Z E ), one can write the transformation matrix as: (1) where
The equations of motion of the quad-rotor UAV at inertial coordinate system is given as
F x , F y , , F z are the net forces in an inertial system represented in the body coordinate system and (x, y, z) represent the location of the vehicle in the body frame and П is defined as Eq. (1). It can be seen that the accelerations in the earth body frame are obtained by multiplying the forces by the transformation matrix.
The main forces acting on the body are the propeller thrusts, drag forces and gravitational forces. The direction of the propeller thrust is perpendicular to the surface of rotating and its value is proportional with the speed of rotation 3 .
The propeller is driven by a DC motor mounted on the stepper motor located at the end of a crossing body frame. By the rotation of the stepper motor, the orientation of the propeller will take effect. To American Institute of Aeronautics and Astronautics 4 find the projection of the forces on each axis, we need to multiply the thrust force by the sine or cosine of the angle that the propeller is tilted. Figure 3 shows the orientation of propeller 2 and the components of the thrust force.
The drag force is proportional with the square of the velocity on each axis by a coefficient of drag as shown in following equation:
Since the velocity of each axis is presented in earth frame, we need to divide it by the transformation matrix (1) to get its component on the body frame.
The main force acting on the quad-rotor UAV is the gravity force 1 equaling to the total mass of the quad-rotor UAV multiplied by the acceleration of the gravity as following:
Its direction is toward the ground (negative z-direction of the earth frame). By dividing the gravitational force by the transformation matrix, we can calculate the effect on each axis on the body frame. 
The equations of the forces affected to the quad-rotor UAV are:
By the derivatives of the acceleration, we can get the velocity and then the location of the vehicle:
ξ & and 0 ξ are the initial conditions of the velocity and position, respectively.
The roll equations of motion are:
Note that the drag force was neglected in computing the moment. This force was found to cause a negligible disturbance on the total moment over the flight regime of interest 
III. Controllers Design
A set of PID controllers are designed for trajectory tracking control of the quad-rotor UAV under normal and assumed different fault conditions. Each PID controller consists in two control channels: control of orientation of each propeller and control of speed of each motor.
A. Control of the orientation of each propeller
We use the orientation primarily to change the yaw angle, which is the angle between a quad-rotor UAV's heading and a reference heading, to get the commanded angle. This is the yaw controller. (10) where x e and y e are defined as:
Then, following yaw control will be activated when this distance is larger than a specific value γ, d > γ, where γ is a positive constant. Assume γ = 3.
where n is the number of the command points. Then assume the distance between the command points is The importance of the above part of the controller is coming from the distance λ. In other words, we can neglect this part if the distance λ is less than γ. Also, we can divide the yaw controller into two sub yaw controllers: one of them represents the controller for the pair at the x-axis and the other is for the pair at y-axis.
The pair on the x-axis will orient dependently on the commands coming from the yaw controller, which is the Proportional-Differential (PD) controller output, and they orient in the opposite direction as shown in Fig. 4 . In other words, when the distance (d) is larger than the specific value (γ), the yaw angle will be updated by a new angle ( d ψ ) which is equal to the angle of the trajectory; otherwise the yaw angle does not be modified. After that, a PD controller is proposed before sending the command to the actuators. The procedure to updating yaw angle is shown as: The pair on the y-axis will be adjusted by a stepper motor that takes command from yaw controller as a constant value (υ) which is the step of the stepper motor, otherwise the stepper motor is still with zero rotation. The direction of each stepper motor in this pair is rotated in the same direction of each other to allow the quad-rotor UAV to be capable of rotating.
The equations of the orientation controller are:
where k pψ and k dψ are the parameters of the PD controller and v is the step of the stepper motor. Now, we can get the forces and moments components as described in the following equations: 
l i is the length between the propeller and the Center Of Gravity (COG) and i=1, 2, 3, and 4 for each propeller.
B. Control of the speed of each motor
We control the speed of motor mainly to reach the desired altitude and to get the right direction. This part of controller has three sub-controllers as follows:
In the following, we can propose a PID controller for each sub-controller 21 .
a) Z-controller:
The purpose of this controller is to achieve the desired altitude by applying a PID controller on the altitude. The output of this controller should be divided by four to generate the equivalent force on each propeller, hence stabilize the quad-rotor UAV.
The equation of this controller is shown as:
where z d is the desired value, and k pz , k dz , and k iz are the parameters of PID controller.
b) Roll Controller:

Figure 5. Roll rotation. This rotation allows the vehicle to move in the y-direction.
To move into y-direction, it requires the quad-rotor UAV to roll around the x-axis as shown in Fig. 5 . To obtain the roll rotation, we have to generate imbalance forces in the pair on the y-axis. This imbalance force has to rise above the inertial forces opposing the rotation.
The roll angle ( φ ) is approximated as the first-order system of (y The roll controller will stabilize the roll angle to create the y-directional motion at its desired value if the gains are well-chosen 22 .
c) Pitch Controller:
The pitch controller is the same as the roll controller, except that the controller will be applied on the pitch angle (θ) as shown in Fig. 6 which means the rotation about y-axis, to create the motion along the x-axis. This relation is: The rotation of the body yaw axis is applied to obtain the components of roll and pitch by using this transformation matrix:
As mentioned before, if the criterion of using orientation is satisfied, the yawing controller is proposed to get the hovering motion of the quadrotor UAV. If the criterion is not satisfied, roll and pitch controllers are proposed to keep the hovering motion of the quad-rotor UAV.
Two PD controllers will be applied on roll and pitch angles according to the following relations:
where C 2 and C 3 are the outputs of the controllers, and k pф , k dф , k pθ , and k dθ are the parameters of the controllers.
The output of each controller should be divided by two, with opposite signs to distribute the input controller on each propeller in each pair, to guarantee the balanced forces. Opposite signs imply that each propeller in the pair rotates in the opposite direction of the other.
The equations of the distribution to generate the forces are: 
These forces are sent to the propeller which represents the speed of the propeller that is exactly the speed of the DC motor. In this paper, we focus on the controller to produce the needed forces. Interested readers can refer to Ref. 3, 11, 13 for the information about the DC motor configurations.
The equations of the controller are mainly presented through the Eqs. 12, 13, 20, 23, and 24.
IV. Fault Modeling and Gain Scheduling of PID Controllers
The fault types considered in this paper is partial loss of effectiveness (LOE) in actuators, i.e. DC and stepper motors in the quad-rotor UAV. Generally, reconfigurable controller (switching controller in this paper) should be designed to maintain the stability and acceptable performance of the system when a fault occurs. Under the assumption that a fault detection and diagnosis module can detect and identify the fault quick and correctly, this fault decision information can be used for switching pre-tuned PID controllers for obtaining best performance for each considered fault case. It is based on this consideration, the gain scheduling based PID fault tolerant control has been proposed in this paper by exploiting the advantages for PID controllers and gain scheduling control strategy 14 .
Assume that proper controller gains of the PID controllers have been found for the normal and different fault situations, these values can be stored in a parameter table which will be picked up based on a gain scheduling variable based on the different fault types and magnitudes. When different faults occur, the PID controllers will be switched to the corresponding fault case. This method works best for the system having predictable fault cases with predetermined parameters of the controller 23 .
For the quad-rotor UAV, there are eight inputs: four forces represent the DC motors for each propeller and the other four components of R represent the orientation of each propeller. To analyze the effects of each fault case based on the designed PID controller for each fault and robustness to unforeseen fault cases, different fault cases are presented and tested as follows:
The effect of the faults on all DC motors
In this subsection, the fault is applied to all the DC motors together with the same percent and at the same time. Figure 7 shows the response of the UAV when the percent of the fault is 50%. For this case, if controller gains of the Z-controller to be chosen as twice as in normal case, the new parameters can accommodate the fault effects with a good tracking performance as shown in Fig. 7 . 
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When the fault is applied for all the DC motors of the quad-rotor UAV, the vehicle is going far away from the desired path but as shown in Fig. 7 , the vehicle is robust for the altitude without modification. Since the Z-controller contains all DC motors effect, the partial losses of the motors can adapt by re-tuned gains of the Z-controller. Figure 8 shows the response of the vehicle with a 70% fault. It also shows the response of the vehicle when the parameters of the pitch command, PD controller for x position of the vehicle, the constants of Eq. (22) have been modified to the half value. This change reduces the dependence of the control on the first and third motors. The system can maintain acceptable performance for a fault up to 80%.
The effect of fault on each pair of motors
In the following figure, 90% of a fault is applied and the new pitch controller is 0.01 of the original one. When the fault level is increasing and the performance of system with nominal PID controller becomes even worse. However, based on the fault-tolerant control, the vehicle can follow its desired path.
The responses of the vehicle with 60% loss of control effectiveness applied on the second and fourth DC motors are presented in Fig. 10 . By reducing the roll controller gains in half, it allows the vehicle to follow the desired path as shown in Fig. 10 . With the fault level reaches up to 80%, the controller can still provide acceptable performance. Figure 11 shows the result when the applied fault is 90%. Figure 11 shows the result when the applied fault is 90%.
The effect of the faults on each individual DC motor
When a 10% fault is applied on the first DC motor, the responses for fault-free case, fault case with nominal PID controller, and the fault case with reconfigured PID controller are shown in Fig. 12 . After the fault occurrence, the nominal pitch controller is switched to reconfigured controller gains based on the scheduling variable from FDD module. As the fault becomes bigger, the response will be negative until it reaches a certain percentage equal to 15%. At this fault level, the simulation cannot be carried out. This certain percentage can be defined as critical fault level.
The response of the second motor for a 10% of fault is shown in Fig. 13 . The critical fault level for this motor is 11%. 
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The responses of the vehicle for the fault occurred in the third motor are similar to those when the fault is applied to the first motor, and the same for the fourth and second motors, due to the symmetry of the quad-rotor. Simulation results show also that the second and fourth motors are less sensitive to the fault. Figure 14 shows the response of the vehicle under 70% fault applied on the first stepper motor at 10 seconds. Proportional and derivative gains of the PD orientation controller are modified to (0.5, 5) instead of (1, 1) . This modification can tolerate the fault up to 90%.
The effect of fault on the first or third stepper motor
The response of the vehicle with applying fault on the third stepper motor is similar to the response of the vehicle when applying fault on the first stepper motor. Figure 15 shows the response of the vehicle when the percent of the applied fault on the second stepper motor is 70% and the controller can be held until 85% fault. We have used other paths to show the effect of the fault on the second and fourth motors.
The effect of fault on the second or fourth stepper motor
The responses of the vehicle when the applied fault on the fourth stepper motor are similar to the responses when the applied fault on the second stepper motor. The second and fourth stepper motors show more fault tolerance capability than the first and third motors.
V. Conclusions
We have proposed a method to control the quad-rotor UAV based on a gain scheduling based PID controller. The equations of motion were obtained based on the Newton's second law. PID controller in each control channel consists in two parts: the first part controls the orientation of the propeller, and the second part controls the speed of each propeller. This type of design for controllers increases the performance of the quad-rotor UAV in tracking the desired trajectory and increases fault tolerance capability and reliability of the UAV. The proposed controller has been implemented in a nonlinear six-degree of freedom simulation model of a quad-rotor UAV and good tracking performances have been obtained through different commanded trajectories. Based on the proposed gain-scheduled fault tolerant PID controller design, advantages (for example, robust properties, easy design and implementation) of PID controller can be employed and the drawback of lack of on-line auto-tuning of PID controller gains is avoided by using the gain scheduling control strategy with wide range of faults being able to be handled.
